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Abstract
The parameters in the pseudoscalar meson mass formula in quenched
chiral perturbation theory to one-loop order are determined by quenched
lattice QCD with overlap Dirac operator, and from which the light quark
masses are determined with the experimental inputs of pion and kaon
masses, and the pion decay constant. Our results are mu,d = 5.3 ± 0.3
MeV, and ms = 115 ± 8 MeV, in the MS scheme at scale µ = 2 GeV.
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In the standard model, the quark masses are fundamental parameters which
have to be determined from high energy experiments. However, they cannot
be measured directly since quarks are confined inside hardrons, unlike an iso-
lated electron whose mass and charge both can be measured directly from its
responses in electric and magnetic fields. Therefore, the quark masses can only
be determined by comparing a theoretical calculation of physical observables
( e.g., hadron masses ) with the experimental values. Evidently, for any field
theoretic calculation, the quark masses depend on the regularization, as well
as the renormalization scheme and scale.
One of the objectives of lattice QCD is to compute the hadron masses non-
perturbatively from the first principle, and from which the quark masses are
determined. However, the performance of the present generation of comput-
ers is still quite remote from what is required for computing the light hadron
masses at the physical ( e.g., mpi ≃ 140 MeV ) scale, on a lattice with enough
sites in each direction such that the discretization errors as well as the finite
volume effects are both negligible comparing to the statistical ones. Never-
theless, even with lattices of moderate sizes, lattice QCD can determine the
values of the parameters in the hadron mass formulas of the ( quenched ) chiral
perturbation theory. Then one can use these formulas to evaluate the hadron
masses at the physical scale, as well as to determine the quark masses.
In quenched chiral perturbation theory [1, 2], the pion and kaon masses to
one-loop order read as
m2pi = Cm
{
1− δ
[
ln
(
Cm
Λ2χ
)
+ 1
]}
+Bm2 (1)
m2K
m2pi
=
m+ms
2m
{
1 + δ
[
1− m
ms −m ln
(
ms
m
)]}
(2)
wherem denotes u and d quark bare masses in the isospin limit (mu = md ≡ m
), ms the s quark bare mass, Λχ = 2
√
2pifpi ( fpi ≃ 132 Mev ) the chiral cutoff, δ
the coefficient of the quenched chiral logarithm, and C and B are parameters.
Similar to the Gell-Mann-Oakes-Renner relation,
m2pi =
4m
〈
ψ¯ψ
〉
f 2pi
, (3)
the condensates to one-loop order are
〈u¯u〉 = f
2
pi C
4
{
1− δ
[
ln
(
Cm
Λ2χ
)
+ 1
]
+
Bm
C
}
(4)
〈s¯s〉
〈u¯u〉 =
m
ms
(
2m2K
m2pi
− 1
)
(5)
where the parameter C is related to the u quark condensate at the zeroth order
C =
4 〈u¯u〉
0
f 2pi
. (6)
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Note that the condensate 〈u¯u〉 diverges logarithmically as the bare quark mass
m → 0, a pathology of quenched approximation. Thus the chiral symmetry
breaking in QCD can only be properly addressed with dynamical quarks.
With experimental values of pion and kaon masses as inputs to (1) and (2),
one can determine the ratio of light quark bare masses ms/m, but the absolute
scale cannot be fixed by quenched chiral perturbation theory. At this point,
lattice QCD plays the important role to fix the values of parameters C, B and
δ, by measuring the pion mass versus the bare quark mass. Then the light
quark masses m and ms can be determined with experimental inputs of mpi,
fpi ( to fix the lattice spacing a ), and mK .
Recently, we have determined the parameters C, B and δ [3] in lattice
QCD with overlap Dirac operator [4, 5]. For 100 gauge configurations gen-
erated with the Wilson gauge action at β = 5.8 on the 83 × 24 lattice, we
computed quenched quark propagators for 12 bare quark masses. The pion
decay constant [ fpia = 0.0984(3) ] is extracted from the pion propagator, and
from which the lattice spacing is determined to be
a = 0.147(1) fm (7)
By fitting (1) to our data of (mpia)
2, we obtained
δ = 0.2034(140) , (8)
Ca = 1.1932(182) , (9)
B = 1.1518(556) . (10)
Now inserting (8) and experimental values of meson masses ( mK = 495
MeV and mpi = 135 MeV ) into Eq. (2), we obtain the quark mass ratio
ms
m
= 21.92(23) , (11)
comparing with the ratio at the zeroth order ( δ = 0 )
(
ms
m
)
0
= 25.88 (12)
From (1), with values of a, δ, Ca and B in (7)-(10), and mpi = 135 MeV,
we obtain
m = 6.3± 0.3 MeV , (13)
which is inserted into (11) to yield
ms = 138± 8 MeV . (14)
Here we do not intend to estimate the finite volume and discretization errors,
in view of the exploratory nature of our present investigation which will be
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followed by a systematic study with larger volumes, smaller lattice spacings,
and better statistics.
In order to transcribe above results (13)-(14) to their corresponding values
in the usual renormalization scheme MS in high energy phenomenology, one
needs to compute the lattice renormalization constant Zm = Z
−1
s , where Zs
is the renormalization constant for ψ¯ψ. In general, Zm should be determined
non-perturbatively. In this paper, we use the one loop perturbation formula
[6] ( m0 = 1.30 )
Zs = 1 +
g2
4pi2
[
ln(a2µ2) + 6.7722
]
(15)
to obtain an estimate of Zs. At β = 5.8, a = 0.147(1) fm, and µ = 2 GeV,
(15) gives Zs = 1.19(1). Thus the quark masses in (13)-(14) are transcribed to
mMSu,d (2 GeV) = 5.3± 0.3 MeV (16)
mMSs (2 GeV) = 115± 8 MeV (17)
It is expected that above values may become smaller if non-perturbative renor-
malization is performed, however, the decreases should be less than 10%. Nev-
ertheless, the light quark masses in (16)-(17) are in good agreement with the
current lattice world average [7]. We also note that in previous determina-
tions [8, 9] of quark masses in quenched QCD with overlap Dirac operator,
(mu,d + ms) is obtained [8, 9] with (1) and (2) at the zeroth order ( δ = 0,
B = 0 ); while in Ref. [10], mu,d is obtained via the axial Ward identity.
In summary, the parameters of hadron mass formulas in ( quenched ) chiral
perturbation theory can be fixed by lattice QCD with overlap Dirac quarks.
This provides a viable approach to the determination of ( light ) quark masses,
as well as ( light ) hadron masses.
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